Let G be a graph, χ be its chromatic number, λ be the largest eigenvalue of its Laplacian, and µ be the largest eigenvalue of its adjacency matrix. Then, complementing a well-known result of Hoffman, we show that
We denote the eigenvalues of a Hermitian matrix A as µ (A) = µ 1 (A) ≥ · · · ≥ µ min (A). Given a graph G, we write A (G) for its adjacency matrix, D (G) for the diagonal matrix of its degree sequence, and set L (G) = D (G) − A (G) .
Letting χ (G) be the chromatic number of a graph G, we prove that
closely mimicking the well-known inequality of Hoffman [1]
We deduce inequalities (1) and (2) from a matrix theorem of its own interest.
Theorem 1 Let A be a Hermitian matrix partitioned into r ×r blocks so that all diagonal blocks are zero. Then for every real diagonal matrix B of the same size as A,
Proof of Theorem 1 Write n for the size of A, let [n] = ∪ r i=1 N i be the partition of its index set, and let b 1 , . . . , b n be the diagonal entries of B. Set L = B−A, K = (r − 1) B+A, and select a unit eigenvector x = (x 1 , . . . , x n ) to µ (K) . Our proof strategy is simple: using x, we define specific n-vectors y 1 , . . . , y r and show that
Ly i , y i ≥ r Kx, x = rµ (K) .
For i = 1, . . . , r define y i = (y i1 , . . . , y in ) as
The Rayleigh principle implies that
Noting that
we obtain,
On the other hand, we have
a jk y ik y ij .
For every i ∈ [n]
, we see that
and, likewise,
a jk x k x j .
Summing these inequalities for all i ∈ [r]
, we find that
a jk x k x j = r (r − 1)
a jk x k x j + 2r
Hence, in view of (4) and (5), we obtain (r − 1)
Proof of (1) and (2) Let G be a graph with chromatic number χ = r. Coloring the vertices of G into r colors defines a partition of its adjacency matrix A = A (G) with zero diagonal blocks. Letting B be the zero matrix, Theorem 1 implies inequality (2) .
and inequality (1) follows. 2
Concluding remarks
For the complete graph of order n without an edge, inequality (1) gives χ = n − 1, while (2) gives only χ ≥ n/2 + 2.
A natural question is to determine when equality holds in (3). A particular answer building upon [3] , can be found in [4] 
Problem 2 Determine when equality holds in (3).
A related question is to determine when equality holds in (1). It is immediate to check that equality holds for regular complete multipartite graphs, but there are other examples as well. Note that if G is connected, equality in (1) implies equality in (6), and so G must be regular.
Problem 3 Characterize all connected regular graphs for which equality holds in (1).
Finally, any lower bound on µ (A (G)) , together with (1), gives a lower bound on µ (L (G)) . This approach helps deduce some inequalities for bipartite graphs given in [2] and [5] .
